Advective transport of scalar quantities through surfaces is of fundamental importance in many scientific applications. From the Eulerian perspective of the surface it can be quantified by the well-known integral of the flux density. The recent development of highly accurate semi-Lagrangian methods for solving scalar conservation laws and of Lagrangian approaches to coherent structures in turbulent (geophysical) fluid flows necessitate a new approach to transport from the (Lagrangian) material perspective. We present a Lagrangian framework for calculating transport of conserved quantities through a given surface in n-dimensional, fully aperiodic, volume-preserving flows. Our approach does not involve any dynamical assumptions on the surface or its boundary.
INTRODUCTION
The transfer of a quantity along the motion of some carrying fluid, or Lagrangian transport for short, is of fundamental importance to a broad variety of scientific fields and applications. The latter include (geophysical) fluid dynamics [1] [2] [3] [4] , chemical kinetics [5] , fluid engineering [6] and plasma confinement [7] . Existing methods for computing transport have mostly been developed under certain assumptions on temporal behavior (steady or periodic time-dependence); spatial location (regions related to invariant manifolds such as lobe dynamics and dividing surfaces in transition state theory); state space dimension (2D); or restrict to a perturbation setting [8] [9] [10] [11] . Recently, the problem of quantifying finite-time transport in aperiodic flows between distinct, arbitrary flow regions has been considered in [12] . There, a framework for describing and computing finite-time transport in n-dimensional (chaotic) volume-preserving flows was presented, that relies on the reduced dynamics of an (n − 2)-dimensional "minimal set" of fundamental trajectories. In this Letter, we present a Lagrangian approach to the complementary problem of transport through a fixed codimension-one surface over a finite time interval in volume-preserving flows. This cannot be reformulated in the setting of [12] , since (i) initial and final positions of surfacecrossing particles are a priori unknown, and (ii) particles may cross the surface several times, possibly in opposite directions, leading to a net number of surface crossings different from one, in particular including zero.
The problem of computing the flux through a surface in general flows admits a well-known solution in terms of an integral of the flux density over the surface and the time interval of interest, cf. the left-hand side of Eq. (2). We view this approach as Eulerian, in that it involves instantaneous information (flux density) at fixed locations in space-time. However, recently two lines of research emerged that inevitably require a Lagrangian approach to the flux calculation.
The first is concerned with the numerical solution of advection equations (or, in the absence of sources, conservation laws) for conserved quantities by semi-Lagrangian methods, which enjoy geometric flexibility and the absence of Eulerian stability constraints [13, 14] .
The second is concerned with transport by Lagrangian coherent vortices in oceanic flows, more precisely with the determination of the relevance of coherent transport [15] , an open problem in physical oceanography and climate science. Coherent structures have long been studied in fluid dynamics, typically from an Eulerian point of view, i.e., by analyzing instantaneous snapshots of velocity fields. For transport-related issues, however, Lagrangian approaches are better suited in that they include trajectory information explicitly [16] [17] [18] [19] [20] [21] .
Lagrangian methods identify certain material points as elements of a coherent structure.
Determining a structure's contribution to transport in an Eulerian manner requires knowledge about each point on the extended surface in space-time whether it is occupied by a material particle originating from a coherent structure. This conditional Eulerian integration of a flux density is practically infeasible. Conversely, from the material point of view, it is intuitive that the number of surface crossings of each individual Lagrangian particle is relevant to determine its flux contribution.
First steps towards a classification of Lagrangian particles with respect to net number of curve crossings have been proposed for two-dimensional flows under additional assumptions [22, 23] . In this Letter, we solve the following more general donating region problem [14,
Problem statement. For a given regular, divergence-free and time-dependent vector field u (t, x) = u t (x), consider a conserved quantity f (t, x) = f t (x), which satisfies the (scalar) conservation law in Eulerian form [24] ∂ t f + u t · ∇f = 0.
(1)
Let C be a compact, connected, embedded codimension-one surface C in R n , and T = [0, τ ] be a compact time interval. The problem is to find pairwise disjoint sets D k ⊂ R n , indexed by k ∈ Z, of Lagrangian particles at time t = 0, such that
where n is the unit normal vector field to C characterizing the direction of positive flux.
While the left hand-side of (2) corresponds to the classical flux integral over the surface C over time T , i.e., an integral in Eulerian coordinates, the right-hand side is an integral solely over initial conditions, i.e., in Lagrangian coordinates.
EULERIAN AND LAGRANGIAN COORDINATES
While Eulerian coordinates x are assigned to spatial points in a fixed frame of reference,
Lagrangian coordinates p label material points and are usually taken as the Eulerian coor-dinates at some initial time, say, t = 0. The motion of material points is described by the flow φ, a mapping between initial positions p at time t = 0 and current positions x at time t, i.e., φ t 0 (p) = x. Thus, the flow map φ t 0 can be interpreted as a change from Lagrangian to Eulerian coordinates. Conversely, the inverse flow map φ
−1 is then the coordinate transformation from Eulerian to Lagrangian coordinates.
In fluid dynamics, there are two important characteristic curves associated with the flow [25] , which we re-interpret in terms of Eulerian and Lagrangian coordinates.
A path line through p is the time-curve of a fixed Lagrangian particle p in Eulerian coordinates, i.e., t → φ t 0 (p). In other words, the path line is a collection of Eulerian positions that the Lagrangian particle p will occupy at some point. Its time derivative, expressed in Eulerian coordinates, gives rise to the velocity field
By construction, the path line through p is the solution of the initial value probleṁ
A streak line through x is the time-curve of a fixed Eulerian location x in Lagrangian coordinates, i.e., t → φ 0 t (x). In other words, the streak line is a collection of material points that will occupy the Eulerian position x at some point. Its time derivative, expressed in Lagrangian coordinates, gives rise to the streak vector field
By construction, the streak line through x is the solution of the initial value probleṁ
In this framework, the following algebraic relation between the velocity field u and the streak vector field w holds:
Equivalently, in global terms we have
where the subindex * denotes pushforward of vector fields by φ 0 t and φ t 0 , resp. Eq. (4) corrects the formula originally presented in [26] , and can be derived as follows.
We need to find the velocity curve t → ∂ t φ 0 t (x) along the streak line t → φ
Using (3) and the invertibility of the differential of the flow map with dφ
, we obtain Eq. (4) as claimed.
Finally, we remark that the flow φ is volume-preserving on R n if and only if the velocity field u (or, equivalently, w) is divergence-free.
TRANSPORT THROUGH SURFACES
In this section, we show how to derive Eq. (2) by analyzing the Eulerian-to-Lagrangian coordinate transformation from the differential topology viewpoint [27, 28] .
Setting. We decompose the Eulerian-to-Lagrangian change of coordinates into two steps.
First, we map Eulerian space-time points to their respective initial position at time t = 0, while keeping them on the same time slice, i.e.,
The transformation Φ maps the (extended) section H = T × C, see Counting net crossings -the degree of Ψ. We study the differentiable map Ψ as a map between the two n-dimensional manifolds H ⊂ T × R n and D ⊂ R n . To this end, we recall notions from differential topology and interpret them in our setting.
First, regular points (t, x) ∈ H are those for which the differential dΨ(t, x) is invertible.
This is exactly the case, when the tangent space at S does not contain the time component. Non-regular points (t, x) of Ψ are referred to as critical points, which correspond to u t (x), n(x) = 0, i.e., u t (x) = 0 or u t (x) being tangent to C.
By Sard's theorem, the set of critical values, i.e., images of critical points, has measure zero in D, even though the set of critical points may be large in H. Consistently, critical points do not contribute to the Eulerian flux integral.
In the Eulerian setting, positive/negative crossings of a Lagrangian particle p through C correspond to u t (x), n(x) ≷ 0 at corresponding intersections (t, x). In the Lagrangian setting, positive/negative crossings are equivalent to crossings of the vertical line over p through S from below/above w.r.t. the orientation on S, see Fig. 2 . This is formalized by det dΨ ≷ 0, which geometrically means that dΨ(t, x) is orientation-preserving or orientationreversing at the respective crossings of p. This in turn is well-defined for all crossings exactly for regular values p. Due to the compactness of H the number of crossings of any regular value is finite.
The difference of positive and negative crossings is defined as the degree of Ψ at p ∈ D,
The degree function is locally constant, and can be used to define a partition of the set of Area formula. First, we restrict to the case f ≡ 1. We have the following identity for the degree of Ψ [29, Section 3.1.5, Thm. 6], which is a consequence of the area formula ( [30] and [31, Thm. 5.3.7] ):
The area formula is a generalization of the change of variables (in integral) formula to non-injective maps such as Ψ.
A useful identity. It remains to show that det dΨ(t, x) = u t (x), n(x) . To this end, fix a regular point (t, x) ∈ H. Then Ψ acts diffeomorphically between an open neighborhood U of (t, x) in H and its image V := Ψ(U) in D. We may choose local coordinates on U such that in (t, x) we have an orthonormal basis, i.e., e t ∈ T t T , span {e 2 , . . . , e n } = T x C and e 1 ∈ T ⊥ x H, with dx (e 1 , . . . , e n ) = 1 = dt ∧ dx (e t , e 1 , . . . , e n ) , spanning unit volume. To avoid a discussion on delicate orientation issues, the following calculations involving determinants are to be read up to sign.
Next, we introduce a basis of T p D by pushing forward the e i 's, i.e., f i := (φ 0 t ) * e i , which in turn span a unit space volume as well due to volume-preservation by φ: dp (f 1 , . . . , f n ) = φ t 0 * dx φ 0 t * e 1 , . . . , φ 0 t * e n = dx (e 1 , . . . , e n ) = 1.
In the chosen coordinates, we get the following coordinate representation for u t
and u 1 t = 0 by the regularity assumption on (t, x). On the one hand, we have
On the other hand, we first observe that det(dφ
since det dφ t 0 = 1 for all t. Furthermore, it is readily seen that, in the chosen coordinates, dφ t 0 dΨ takes the form (recall ∂ t Ψ = w)
where we have used Eq. (4). Due to (5), this shows that det dΨ(t, x) = u 1 t = u t (x), n(x) , as required.
General conserved quantities. As noted in the Introduction, conserved quantities are constant along trajectories in volume-preserving flows. Therefore, we have f t (x) = f 0 (Ψ(t, x)), and the general area formula yields
f 0 (p)dp, and together with det dΨ(t, x) = u t (x), n(x) , Eq. (2) follows.
The curvilinear case. Our result extends to the case when the state space is an ndimensional, oriented smooth manifold M with volume form ω. All differential topological notions and arguments work naturally in the manifold setting, and the useful identity between dΨ and the flux density was shown in local coordinates anyway. Note also that it does not require a (Riemannian) metric on M. In the metric-free context, the Eulerian flux density is given by the interior product of u and ω (orω), often denoted by i ut ω or u t ω.
The two-dimensional case. Our results for volume-preserving flows on R n simplify in the two-dimensional case considered in [22, 23] due to the well-known geometric characterization of the degree of Ψ at some regular value p ∈ D ⊂ R 2 : it equals the winding number of p w.r.t. ∂H. Thus, we have generalized the main result from [23] , in which only the issue of counting net crossings was treated under additional assumptions from a different methodological perspective. Note also that for the isolated counting aspect, our characterization in terms of deg (Ψ), or winding number in 2D, is also valid in the case of compressible u.
EXAMPLE
As an example, we consider an array of vortices, given by the Hamiltonian H(x, y) = A sin (πx) sin (πy) , subject to a time-dependent, spatially uniform spiraling forcing given by f (t) = t sin (πt) t cos (πt) .
The velocity field is hence In Fig. 2 , we show the same objects, yet in Lagrangian coordinates, with boundary curves and reference trajectory in the same coloring as in Fig. 1 . The streak surface S is colored with respect to time. Also shown are projections of the boundary curves to the initial time slice. The numerical evaluation of the left-hand side of Eq. (2), i.e., the Eulerian integral, yields a transport value of −0.142; the right-hand side, i.e., the Lagrangian integral, yields a transport value of −0.141, with relative error below 1%; see [13] for improvements of area calculations via spline-approximation of polygon boundaries. 
